Abstract. We introduce the notion of a (quasi-)reflection algebra over a quasitriangular (quasi-)bialgebra. In earlier joint work with P. Etingof, we constructed a dynamical pseudotwist for each triple (g, tg , σ), where (g, tg ) is a Lie algebra with an invariant quadratic element and σ is an automorphism of finite order N . We show that this pseudotwist gives rise to examples of quasi-reflection algebras. We define a scheme of universal pseudotwists with distribution relations; it has a natural morphism to the scheme of associators. We construct rational points in this scheme. We also show that it has the structure of a torsor over a group GTMD(N, k), which maps to Drinfeld's group GT(k). We study the associated graded Lie algebra with (Z/N Z) × -action grtmd 1 (N, k), and discuss relations with Gal(Q/Q).
Introduction 0.1. In [EE] , we constructed a dynamical pseudotwist associated to a triple (g, t g , σ), where g is a Lie algebra, t g ∈ S 2 (g) g is an invariant symmetric tensor, and σ is an automorphism of (g, t g ) of order N (N is an integer ≥ 1). This pseudotwist Ψ g KZ is the renormalized holonomy of a trigonometric version of the Knizhnik-Zamolodchikov (KZ) equation, with poles in µ N (C) ∪ {0, ∞} ⊂ P 1 (C) (µ N (C) is the set of N th roots of 1 in C). Coefficients in the expansion of Ψ way. In Section 3, we introduce "quasi" analogues of the notions of Section 1, and in Section 2, we study relations with IRF-vertex transformations. The universal counterparts of these equations lead to the definition of a scheme of pseudotwists Pseudo(N, k) (k is a field with char(k) = 0), together with a morphism Pseudo(N, k) → Assoc(k) (Assoc is the scheme of associators). The universal versions (Φ KZ , Ψ KZ ) of (Φ g KZ , Ψ g KZ ) define a point in Pseudo(N, C) (Section 5).
Just as the problem of constructing rational associators motivates in [Dr2] the introduction of the group GT and its variants, we study the problem of constructing rational pseudotwists (i.e., elements of Pseudo(N, Q)).
The main step in Drinfeld's solution of this problem is the construction of a group GT(k), acting simply and transitively on a subset Assoc(k) ⊂ Assoc(k). To construct this group, Drinfeld first introduces a group GT of universal automorphisms of QTQBA's (this group is rather small, isomorphic to the dihedral group Z ⋊ (Z/2Z)). He then constructs a "profinite" completion of this group GT (the element f (x, y) is required to belong to the profinite completion F 2 of the free group with generators x, y rather than to F 2 ) and a k-prounipotent version GT(k) (f (x, y) now belongs to F 2 (k) = exp(f 2 (k)), where f 2 (k) is the complete free Lie algebra over k with generators log(x), log(y)). He then shows that Assoc(k) is a torsor over GT(k) .
Similarly to this construction, we introduce a group GTM of universal automorphisms of pairs (a rigid monoidal tensor category, a module category over it); these may be also viewed as universal automorphisms of pairs (a QTQBA, a QRA over it). We have a natural morphism GTM → GT. The group GTM is also "small", since the morphism GTM → GT is isomorphic to the composed map Z ⋊ (Z/2Z) → Z/2Z → Z ⋊ (Z/2Z).
In order to construct a completion of GTM that acts transitively on Pseudo(N, k), we do not require g(x, y) to lie in F 2 (k), as in [Dr2] . We consider a partial completion, depending on N , which is constructed as follows: we define K 0 3,N as the kernel of the morphism F 2 → Z/N Z, x → 1, y → 0, so F 2 (denoted here P 3,N (k), extending the above exact sequence. This completion of F 2 was also introduced by Ihara in [Ih2] . In order to define the profinite and k-prounipotent completions GTM(N ) and GTM(N, k), we view F 2 as a subgroup of the pure braid group with 3 strands, and we also introduce completions P 0 4,N and P 0 4,N (k) of a subgroup P 0 4 ⊂ P 4 of the pure braid group with 4 strands, as well as natural morphisms relating these groups between themselves and with F 2 , F 2 (k) (Section 6).
The natural action of GTM on QRA's over QTQBA's induces an action of GTM(N, k) on a subscheme Pseudo(N, k) ⊂ Pseudo(N, k). We show that this action is simple and transitive. We have a natural group morphism GTM(N, k) → (Z/N Z) × k × , inducing an exact sequence of Lie algebras 0 → gtm 1 (N, k) → gtm(N, k) → k → 0. As in [Dr2] , we construct a bijection between the set of splittings of this exact sequence and Pseudo(N, k), which enables us to construct elements of Pseudo(N, Q) (since Proposition 5.7 in [Dr2] is not available in our situation, we cannot use the proof of [Dr2] , Proposition 5.8 for this). We also construct a group GRTM(N, k), acting from the right simply and transitively on Pseudo(N, k).
We then show that as in [Go, Rac] This implies a system of equations satisfied by Ψ N KZ . Adjoining these conditions to the defining equations of Pseudo(N, k), we obtain a subscheme Psdist(N, k) ⊂ Pseudo(N, k) × k ν (here ν is the number of distinct prime factors of N ). We show that the fibered product Psdist(N, k) := Psdist(N, k) × Pseudo(N,k) Pseudo(N, k) is a torsor under subgroups GTMD(N, k) ⊂ GTM(N, k) and GRTMD(N, k) ⊂ GRTM(N, k). We have natural group morphisms
We denote the Lie algebra of the kernel of the composed morphism by grtmd 1 (N, k). This is a Z ≥0 -graded Lie algebra, equipped with an action of (Z/N Z) × and a morphism of graded Lie algebras grtmd 1 (N, k) → grt 1 (k).
We then use Drinfeld's method ([Dr2] , Proposition 6.3) to construct elements of grtmd 1 (N, C); using the nonvanishing of Dirichlet L-functions, and the proof of [W] of the theorem of Bass on cyclotomic units, we derive lower bounds for the character (as a (Z/N Z)
× -module) of grtmd 1 (N, C)/[grtmd 1 (N, C), grtmd 1 (N, C)] (Section 9).
We derive from this the surjectivity of the map Psdist(N, k) → k × ⋊ k ν (Section 10). We also relate the Lie algebras grtm 1 (N, k) and grtmd 1 (N, k) with a generalization of Ihara's algebra, defined using special derivations (Section 11).
Finally, in Section 12, we discuss relations with Gal(Q/Q). We show that one can expect that the morphism Gal(Q/Q) → GT factors through the profinite version GTMD(N ) of GTMD(N, k). Even though the Lie algebra version of the morphism GTMD(N ) → GT seems to be surjective, this morphism itself needs not be surjective. The image of this morphism might be related with Ihara's Γ-function conditions satisfied by the image of Gal(Q/Q) → GT ( [Ih2] ). 0.4. Our paper seems to be related to the following works. In [DG] , Section 5, Deligne and Goncharov studied the motivic fundamental group of P 1 − {0, ∞} ∪ µ N . The element Ψ KZ appears in [DG] , Proposition 5.17 and "motivic" conditions satisfied by Ψ KZ are explained in Section 5.19. We do not know how to relate them with the scheme Psdist(N, k).
In [Rac] , Racinet introduces a torsor DMRD(N, k) over a prounipotent Lie group, based on the shuffle and distribution relations satisfied by special values of the polylogarithms. He conjectures that for N = 1, there is a morphism of torsors DMRD(N, k) → Assoc(k) taking the analogue of Φ KZ in DMRD(N, C) to Φ KZ , and that this is an isomorphism. The natural generalization of this conjecture for arbitrary N would be to expect a morphism of torsors DMRD(N, k) → Psdist(N, k) when N = 1.
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RA's over QTBA's
In this text, all (co)algebras are understood to be with (co)unit. We fix a base field k of characteristic 0. If A is an algebra, we denote by A × the set of invertible elements of A. We use the standard notation for multiple coproducts in coalgebras, so x 12,34 = (∆ ⊗ ∆)(x), etc.
1.1. Reflection algebras. Let (A, ∆, R) be a quasitriangular bialgebra (QTBA). Recall that this means that (A, ∆, ε) is a bialgebra, and R ∈ A ⊗2 is invertible, such that ∀a ∈ A, ∆ 2,1 (a) = R∆(a)R −1 ,
(∆ ⊗ id)(R) = R 1,3 R 2,3 , (id ⊗∆)(R) = R 1,3 R 1,2 .
These relations imply that R satisfies the quantum Yang-Baxter equation (QYBE) . We also require (ε ⊗ id)(R) = (id ⊗ε)(R) = 1. Let B ⊂ A be a subalgebra such that ∆(B) ⊂ B ⊗ A.
Proposition 1.1. There is a bijection between the following sets: (i) invertible elements E ∈ B ⊗ A, such that
(∆ ⊗ id)(E) = R 3,2 E 1,3 R 2,3 .
(ii) invertible elements Σ ∈ A, such that
This bijection takes E to Σ := (ε ⊗ id)(E), and its inverse takes Σ to E := R 2,1 Σ 2 R.
Proof. Straightforward.
If E is as above, then (3) and (4) imply the reflection equation
In the same way, Σ as above satisfies Σ 2 R 2,1 Σ 3 R = R 2,1 Σ 3 RΣ 2 .
Definition 1.2. We call a pair (B, E) as above a reflection algebra (RA) over A.
Example 1.3. Set B := A and E := R 2,1 R, then (B, E) is a RA over A. In this case Σ = 1.
Example 1.4. Let g be a Lie algebra, let Γ be a group acting on g by automorphisms. Set A := U (g) ⋊ Γ. Define ∆ A : A → A ⊗2 as the unique algebra morphism such that ∆ A (x) = x ⊗ 1 + 1 ⊗ x for x ∈ g, ∆ A (γ) = γ ⊗ γ for γ ∈ Γ. Set R := 1 ⊗2 , then (A, ∆ A , R) is a quasitriangular bialgebra.
Fix σ ∈ Γ and a Lie subalgebra l ⊂ g σ . Set B := U (l), E := 1 ⊗ σ. Then (B, E) is a RSA of A. In this case Σ = σ.
In Section 4, we will study deformations of this example, where Γ = Z/N Z and σ = 1.
Remark 1.5. Let B be a RA over A and let (ρ, V ) be a B-module. Then K := (ρ ⊗ id)(E) satisfies the reflection equation R 2,1 K 2 R 1,2 K 1 = K 1 R 2,1 K 2 R 1,2 (see [FRT] ).
Remark 1.6. One may strengthen the axioms by requiring that B is a subbialgebra of A, i.e., ∆(B) ⊂ B ⊗2 .
Remark 1.7. The notion of a RA over A may be generalized as follows: the inclusion B ⊂ A is replaced by the data of algebra morphisms i : B → A and ∆ BA : B → B ⊗ A, such that B is a comodule over A and i is a comodule morphism. When i is injective, this notion is equivalent to the former one. In the same way, the stronger notion of Remark 1.6 may be generalized by replacing the inclusion B ⊂ A by a bialgebra morphism i : B → A.
1.2. Braid groups in handlebodies. Let n, g be integers ≥ 0. The group B g n was introduced in [Sos] , as the group of "n strands pierced by g long knitting needles". It can also be described as the fundamental group of C n,g /S n , where C n,g is the configuration space of n pairwise distinct points in C − {g distinct points}, or as the kernel of the morphismB n+g → B g induced by erasing the last n strands, where B n is Artin's braid group andB n+g is the preimage of S g × S n under B n+g → S n+g . B g n has the following presentation ( [Sos, V] ). Generators are τ 1 , . . . , τ g , σ 1 , . . . , σ n−1 , and relations are
The inclusion 
(here we set E ∅,1 = 1 and
Proof. The relations (8) and (9) are obviously satisfied.
Lemma 1.9. λ(σ 1 ) and λ(τ 1 ) satisfy (10) when g = 2, n = 2.
Proof of Lemma. This relation is (E
(here we set E 12,3 = (∆ BA ⊗ id)(E)), which we now prove. Apply x → x 12,3,4 to (7), we get
(7) also implies that
Multiplying (15) by (14), we get
On the other hand, (2) and (3) imply that
in the same way, E 2,4 R 3,4 R 3,2 = R 3,4 R 3,2 E 2,4 . Therefore both
According to (4), this equality is rewritten as
Now (17) implies that
plugging these relations in (16), we get (13).
Lemma 1.10. λ(σ 1 ), λ(τ 1 ) and λ(τ 3 ) satisfy (11) when g = 4, n = 2.
Proof. This relation is
which we now prove. 
After we combine (19) 2,3,4,5 and (19) 12,3,4,5 , and right multiply by (R 5,4 ) −1 , we get
Then (20) 1, 23, 4, 5, 6 allows to rewrite the l.h.s. of (18) as
Now (20) implies
and (22) 1,2,34,5,6 allows to rewrite (21) as
i.e., the r.h.s. of (18).
End of proof of Theorem 1.8. Applying now the morphism
⊗n−2 to (13), we obtain that λ(σ 1 ) and σ(τ k ) satisfy (10) in general. In the same way, applying the morphism
Remark 1.11. If we only assume that B is a RA over the QTBA A (and not that B is a subbialgebra of A), then we only obtain the group morphism (12) when g = 1.
1.4. Representations of braid groupoids. Recall that a groupoid Γ over a base Σ is the data of maps s, t : Γ → Σ (the source and target maps), and of a product map Γ × Σ Γ → Γ, satisfying compatibility rules (saying that Γ and Σ are the sets of morphisms and objects of a category C). A representation of Γ is then a collection of vector spaces (V b ) b∈B and linear maps ρ(γ) : V s(γ) → V t(γ) , where γ ∈ Γ, satisfying some properties (saying that we have natural transformation from C to the category of vector spaces). If π : B → Γ is a group morphism, one can attach to it the groupoid Γ := B × Σ over the base Σ, with source and target maps s(b, σ) = σ and t(b, σ) = π(b)σ, and product map
In that case, a representation of the groupoid is the same as a representation (ρ, V ) of B, equipped with a grading
Proposition 1.12. Let B be a reflection algebra over a quasitriangular bialgebra A. Let M 1 , . . . , M g be B-modules, and let W 1 , . . . , W n be A-modules. 2. Pseudotwists over QBA's and IRF-vertex transformations 2.1. Pseudotwists. Let (A, ∆, Φ) be a quasibialgebra (QBA). Recall that this means that A is an algebra, ∆ : A → A ⊗2 is a morphism, Φ ∈ A ⊗3 are invertible, and
The counit ε is also required to satisfy (ε ⊗ id)
Proposition 2.1. There is a bijection between the following sets:
(ii) invertible elements Υ ∈ A ⊗2 , such that
This bijection takes Ψ to Υ := (ε ⊗ id ⊗2 )(Ψ), and its inverse takes Υ to Υ * Φ.
Proof. Similar to [EN] , Propositions 2.4 and 2.6.
Definition 2.2. A pseudotwist over
A is a pair (B, Ψ) of a subalgebra B ⊂ A and a element Ψ ∈ B ⊗ A ⊗2 as above.
2.2.
The coherence theorem and groupoids. We now relate McLane's coherence theorem with groupoid representations. Let us define the groupoid T n of binary trees with n leaves (here n ≥ 1). We set Ob(T n ) := {binary trees with n leaves labeled 1, . . . , n} = {parenthesizations of n variables x 1 , . . . , x n occurring in increasing order}. Let us define the morphisms of T n . Let T ∈ Ob(T n ). If v is a vertex of T , we denote by v l , v r the left and right descendants of v (when they exist). If (v l ) l , (v l ) r and v r all exist, we define a tree T v and an invertible morphism e(T, v) ∈ Hom(T, T v ) as follows. T v is obtained from T so that the left, right descendants of v are v T n is the free groupoid generated by these morphisms and their inverses.
Let (A, ∆, Φ) satisfy (23) and V 1 , . . . , V n be A-modules. To these data corresponds a representation π of T n in the category of A-modules. The vector space underlying the A-module attached to T ∈ Ob(T n ) is W (T ) = ⊗ i V i . The images of the morphisms are expressions in Φ and ∆. Then McLane's theorem says that this representation is trivial (i.e., π(e) = id W (P ) for any e ∈ Hom(P, P )) if the pentagon axiom (24) is satisfied, i.e., if A is a QBA.
Let now (A, ∆, Φ) and (B, Ψ) satisfy (23) and (25). Let W be a B-module and V 1 , . . . , V n be A-modules. One defines a family of B-module structures on W ⊗ (⊗ i V i ), indexed by P ∈ Ob(T n+1 ). Using Φ and Ψ, one also defines a representation of T n+1 in the category of Bmodules, such that the vector space underlying the B-module attached to P ∈ Ob(T n+1 ) is
McLane's theorem then says that this representation is trivial if Φ, Ψ also satisfy (24), (26), i.e., if A is a QBA and (B, Ψ) is a pseudotwist over A.
3. QRA's over QTQBA's 3.1. QRA's. Let (A, ∆, R, Φ, ε) be a quasitriangular quasibialgebra (QTQBA). This means that A is an algebra, ∆ : A → A ⊗2 is a morphism, R ∈ A ⊗2 and Φ ∈ A ⊗3 are invertible, and
These conditions are the pentagon and the two hexagon equations. The counit ε satisfies
Proposition 3.1. There is a bijection between the following sets:
(ii) pairs (Σ, Υ), where Σ ∈ A and Υ ∈ A ⊗2 are invertible, such that
This bijection takes (E, Ψ) to (Σ(E), Υ(Ψ)), where Σ(E) = (ε ⊗ id)(E) and Υ(Ψ) := (ε ⊗ id ⊗2 )(Ψ). The inverse bijection takes (Σ, Υ) to (E(Σ, Υ), Ψ(Υ)), where
We will call a triple (B, E, Ψ) as above a quasi-reflection algebra (QRA) over A, and the relations (29) and (30) the mixed pentagon and octogon relations. Proof. Let us denote by S 1 the first set and by S 2 the second set. Let us show that (E, Ψ) → (Σ(E), Υ(Ψ)) is a map S 1 → S 2 . Applying ε to the first components of (29), (28), (29) and (30), we get (31), (32), (33) and (34), respectively.
Let us now show that (Σ, Υ) → (E(Σ, Υ), Ψ(Υ)) is a map S 2 → S 1 . The fact that Ψ(Υ) satisfies (28) and (29) follows from Proposition 2.1. The fact that E(Σ, Υ) satisfies (27) follows from the invariances of Υ and Σ, and from the identity R∆(b) = ∆ 2,1 (b)R 2,1 . Let us now show that (E(Σ, Υ), Ψ(Υ)) satisfy (30).
The quasitriangularity identities imply that
Using the expression of Ψ(Υ), we get
Using Ψ(Υ) ∈ B ⊗ A ⊗2 and (31), we replace the middle term (Ψ(Υ)
On the other hand, 
Now using (32) and (34), we identify the r.h.s. of this equation with E(Σ, Υ) 12,3 . This implies that (E(Σ, Υ), Ψ(Υ)) satisfies (30).
It is then easy to show that the maps S 1 → S 2 and S 2 → S 1 are inverse to each other.
3.2. Twists. Let (A, ∆, R, Φ) be a QTQBA and let (B, E, Ψ) be a QRA over A. Let F ∈ A ⊗2 be invertible. Then the twisted QTQBA is
Another family of twists is defined as follows. If G ∈ B ⊗2 is invertible, set
3.3. Representations of braid groupoids. Define the groupoid T n as follows. We set Ob( T n ) := {binary trees with leaves labeled 1, σ(2), . . . , σ(n), where σ ∈ Perm({2, . . . , n})}. The morphisms of T n are generated by (a) the analogues of the morphisms of T n (no change of σ), (b) if v is a vertex of T ∈ Ob( T n ), then we define T (v) to be T with v l , v r exchanged; there is an invertible morphism r(v) from T to T (v); (c) if v is a vertex of L ∈ Ob( T n ) and 1 ∈ {leaves of v l }, there is an automorphism e(v) of T . Let A be a QTQBA and B be a QRA over it. Let W ∈ Rep(B) and let
There is a natural representation of T n+1 on Rep(B), assigning this B-module to each (T, σ); the triviality of this representation is implied by the QRA axioms.
4. Quasi-reflection algebras and the trigonometric KZ system Let g be a complex Lie algebra, t g ∈ S 2 (g) g , σ ∈ Aut(g, t g ) be such that σ N = id (where N is an integer ≥ 1). Set l := g σ . We denote by µ N (C) the set of roots of unity in
, and denote by σ the canonical generator of Z/N Z ⊂ A. We let R := e πi tg , and Φ g KZ (denoted Φ in this section) be the renormalized holonomy from 0 to 1 of the differential equation
i.e., Φ = G [Dr1] and from the σ-invariance of t g that (A, ∆ 0 , R, Φ) is a QTQBA.
We set B :
Then E is an invertible element in B ⊗2 . Define Ψ g KZ ∈ B ⊗A ⊗2 (denoted Ψ in this section) as the renormalized holonomy from 0 to 1 of the differential equation
i.e., Ψ = H 
with asymptotic expansions Proof. It follows from [EE] that Φ and Ψ satisfy the mixed pentagon identity. Let us now prove that E and Ψ satisfy the octogon relation.
Let us denote by D the domain of C of all complex numbers z, such that 0 ≤ arg(z) ≤ 2π/N , and z = 0, 1, e 2πi/N . We set ζ N = e 2πi/N . There are unique solutions
with the following asymptotic behaviors:
We have:
It follows that
Moreover, local study at the points 0, 1, ∞, ζ N implies that
. Therefore
Since H 0 + is invertible, this implies that the right factor of H 0 + in this expression in 1, i.e., the octogon relation for E = e 2πi (t
, and Ψ defined above.
5. The universal version of Ψ g KZ and Pseudo(N, k) 5.1. Universal algebras. Let k be a field with char(k) = 0. Let t n,N be the Lie algebra over k with generators t 1i 0 , (i ∈ [2, n]), and t(a) ij , (i = j ∈ [2, n], a ∈ Z/N Z), and relations:
We will sometimes emphasize the dependence of t n,N in k by denoting it t n,N (k). When N = 1, t n,N = t n coincides with the Lie algebra of chord diagrams introduced in [Dr2] , whose generators will be simply denoted
be a function that is not defined at 1. There is a unique Lie algebra
We denote x f as x
g . This collection of representations is compatible with (a) the insertion-coproduct maps
Remark 5.2. The restriction to degree ≥ 2 of the identification t n,1 ≃ t n commutes with the morphisms x → x f .
Let us describe the structure of t n,N . Let f n,N ⊂ t n,N be its Lie subalgebra generated by t 1n 0 and the t(a)
. These generators freely generate f n,N , which is an ideal of t n,N . The map x → x 1,...,n−1 is an injection t n−1,N ֒→ t n,N . This map induces an action of t n−1,N by derivations on f n,N , and t n,N is the corresponding semidirect product.
When n = 3, t 3,N can be described more simply as the direct sum of its center, generated by t In general, the element 1≤i<j≤n t ij 0 is central in t n,N , where
is the Lie algebra with the same generators (except t 1n 0 ) and relations as t n,N (except those involving t 1n 0 ), then t 0 n,N ֒→ t n,N and t n,N = t
There is a natural action of (Z/N Z) n−1 by automorphisms of t n,N . Namely, the ith generator
n−1 and by s i ∈ T n,N the generator implementing the action of the ith generators of (Z/N Z)
The choice of the generator
ij , We define Ψ KZ as the renormalized holonomy from 0 to 1 of the differential equation
Then Ψ KZ belongs to the degree completion of U (t 0 3,N (C)), and log(Ψ KZ ) belongs to the degree completion t 
Since the system
is flat, the quadruple (E, Ψ KZ , R, Φ KZ ) satisfies the universal versions of the octogon and mixed pentagon equations; here E = s 2 exp(
) and Φ KZ is the universal KZ associator.
Coefficients of Ψ
23 ). Then Ψ KZ may be identified with the renormalized holonomy from 0 to 1 of
i.e.
. Le and Murakami's formula ( [LM] ) for the KZ associator can be generalized to Ψ KZ , showing that Ψ KZ may be viewed as a generating series for multiple polylogarithms (MPL's) at N th roots of unity.
We first define these numbers. If ζ 1 , . . . , ζ r ∈ µ N (C), and s 1 , . . . , s r are positive integers such that (s r , σ r ) = (1, 1), we set
It is well-known that these numbers correspond bijectively to iterated integrals. Set µ N = {0} ∪ µ N (C). If ( ζ 1 , . . . , ζ m ) is a sequence with values in µ N , such that ζ 1 = 0 and ζ m = 1, we set
product is in decreasing order) and
Proof. We denote Ψ KZ by Ψ in the course of this proof, which is parallel to [LM] . Let 
0 the corresponding projection map. We also have two maps
Analogues of G 0 , G 1 for the equation (37), where
We have
where I ε ( ζ 1 , . . . , ζ r ) is defined as I( ζ 1 , . . . , ζ r ) with integration domain ε ≤ t 1 . . . ≤ t r ≤ 1 − ε. Applying π to this identity, we get
The result now follows from (38), (39) and the fact that v • u(w( ζ 1 , . . . , ζ r )) = w( ζ 1 , . . . , ζ r ).
One can give a formula for log(Ψ KZ ) following [EG] . Call a sequence (
Then:
where CBH r (x 1 , . . . , x r ) is the multilinear part of the Lie series log(e x1 · · · e xr ).
The schemes Pseudo(N, k) and Pseudo(N, k).
To understand better the relations between MPL's at roots on unity implied by the relations satisfied by Ψ KZ , we introduce the following generalizations of the scheme Assoc of associators. Let k be a ring over Q. Recall that Assoc(k) is defined as the set of pairs (λ, Φ), where
where A + B + C = 0, and
We then define ′ Pseudo(N, k) as the set of pairs ((λ, Φ), (α, k, Ψ)), where (λ, Φ) ∈ Assoc(k)
satisfies (40) and (41)
(Ψ is viewed as an element of the topologically free algebra with generators A,
For λ ∈ k, we set Assoc
Proof. Take the logarithm of (43) and take the sum of the coefficients of b(0), . . . , b(N − 1).
is a QRA over it.
6. The group GTM(N ) and its variants 6.1. The semigroup GTM. Let (A, ∆, R, Φ) be a QTQBA and let (B, E, Ψ) be a QRA over A. Let P n ⊂ B n be the pure braid group. We have group morphisms P n → (A ⊗n ) × and P n → (B ⊗ A ⊗n−1 ) × . Let us describe them explicitly when n = 3. In that case, P 3 is isomorphic to the product of its center, freely generated by (σ 1 σ 2 ) 3 = (σ 2 1 σ 2 ) 2 , with the free subgroup generated by σ 2 1 and σ 2 2 . The morphism π A :
The morphism π BA :
Let us write under which conditions (A, ∆,R,Φ) is a QTQBA and (B,Ē,Ψ) is a QRA over it. According to [Dr2] , (A, ∆,R,Φ) is a QTQBA if:
where x 1 , x 2 , x 3 are three variables subject to the only relation x 1 x 2 x 3 = 1, and
holds in P 4 , where
(identity in the free group generated by x, y), and
holds in P 4 .
Proof. (47) implies that (Ē,Ψ) satisfies (30). Then the identity implying that (Φ,Ψ) satisfies (29) is
g(x 12 , x 23 x 24 )(z 1,2,34 )
34 z, where z := (σ 3 σ 2 σ 1 ) 3 = x 14 x 24 x 34 x 13 x 23 x 12 is in the center of P 4 . Using the identity x 14 = z(x 24 x 34 x 13 x 23 x 12 ) −1 and the presentation of P 4 ( [Art] , recalled in [Dr2] ), we see that P 4 is the direct product of subgroup z freely generated by z, with the group P 0 4 with generatorsx ij , 1 ≤ i < j ≤ 4, (i, j) = (1, 4), and relations
12x 24x12 ) = 1 (P 0 4 may be viewed as the kernel of the morphism P 4 → P 2 = Z obtained by deleting the strands 2, 3; this morphism associates to a braid b, the winding number of strands 1 and 4 induced by b.)
The image of (49) in Z yields n ′ = 0. Then (49) implies (48).
Remark 6.2. (47) may be expressed more symmetrically as follows. Let x, y, t, t ′ be variables subject to xyt = t ′ yx = 1, then
defines an involution of the free group generated by x and y, whose fixed point subgroup reduces to {1}. Define GTM as the set of pairs ((f, m), (g, m ′ )), such that m ∈ Z, m ′ ∈ 1 2 Z and f, g belong to the free group with generators x, y, and satisfy (45), (46), (47), (48). Then GTM has a semigroup structure, defined by
We set λ = 2m + 1,
Recall that GT was defined in [Dr2] as the semigroup of all pairs (f, m) satisfying (45), (46). We have a natural morphism GTM → GT, taking ((f, m), (g, m ′ )) to (f, m). The semigroup GTM acts on the set of pairs (C, M) of a braided monoidal category C and a braided module category M over C (GTM stands for "module category version of GT"). It may also be viewed as the semigroup of endomorphisms of the collection of all groups B 1 n and B 1 n , compatible with operations (precise).
According to [Dr2] , Proposition 4.1, GT consists only of the pairs (f, m), where λ = 2m+1 = ±1 and f (x, y) = y r x −r (r ∈ Z). In the same way, we have:
Proof. We already have λ = ±1 and f (x, y) = y r x −r . Apply the morphism K 4 → K 2 , corresponding to removing the two first strands, to (48). We get g(1, y) = f (1, y)g(1, y), hence f (1, y) = 1, so r = 0 and f (x, y) = 1. Apply now the morphism K 4 → K 3 , corresponding to removing the first strand, to (48). Let s ∈ Z be the integer such that g(1, y) = y s . Then we get
satisfies (48) with f (x, y) = 1. Let us now substitute g(x, y) = y s in (47). We get
The partial degree in y of the r.h.s. should vanish, hence m = m ′ , so m = m ′ ∈ {0, 1}. Conversely, (50) is satisfied when m = m ′ ∈ {0, 1}.
As in the case of GT, we need to look for solutions of (45), (46), (47), (48) in completions of pure braid groups in order to find interesting groups.
6.2. The groups K n,N . There is a unique group morphism P n → (Z/N Z) n−1 , taking x 1i to e i−1 (the (i − 1)th basis vector) and the x ij to 0 if i, j = 1. Let us denote by K n,N its kernel. We will need a presentation of the inclusion K n,N ⊂ P n when n = 3, 4.
Proposition 6.5. 1) K 3,N is presented by generators X 12 , X 13 and x 23 (a), a ∈ [0, N − 1], and relations
for a ∈ Z/N Z. In other words, K 3,N is the product of its center, isomorphic to Z and generated by Z := X 13 x 23 (0) · · · x 23 (N − 1)X 12 , by the free group with N + 1 generators X 12 , x 23 (a),
2) P 3 is presented by K 3,N and additional generators x 12 , x 13 , with relations
where x 23 (a), a ∈ Z is defined by the condition that x 23 (a + N ) = X 12 x 23 (a)(X 12 ) −1 for any a ∈ Z.
Remark 6.6. Let Γ * F n be the amalgamated product of Γ with the free group with generators x 1 , . . . , x n . If (R α ) α is a family of Γ * F n , we call the quotient of Γ * F n by the normal subgroup generated by (R α ) α "the group presented by Γ, x 1 , . . . , x n and (R α ) α ".
Remark 6.7. Let z := x 13 x 23 x 12 be the generator of the center of P 3 . Then z N = Z.
Proof. Let Γ 0 , Γ, be the groups presented in 1) and 2). We have a unique morphism Γ → (Z/N Z)
2 , x 12 → (1, 0), x 13 → (0, 1), x 23 (a) → (0, 0). One checks that there are unique θ 12 , θ 3 ∈ Aut(Γ 0 ) such that
Then θ 
. By rearranging Artin's presentation, one proves that Γ is isomorphic to P 3 and that the morphisms of both groups to (Z/N Z) 2 coincide. Therefore Γ 0 = K 3,N , which proves 1). The isomorphism between Γ and P 3 then implies 2).
In the same way, one shows:
Proposition 6.8. 1) K 4,N is presented by generators X 1i (i = 2, 3, 4) and x ij (a) (a ∈ [0, N −1], 2 ≤ i < j ≤ 4) and relations
−1 , and we setx
2) P 4 is presented by K 4,N and additional generators x 1i (i = 2, 3, 4) with relations
The group morphisms ∂ i : P 3 → P 4 (i = 0, . . . , 4) are defined in [Dr2] . We have
These morphisms restrict to ∂ 0 : P 3 → K 4,N and ∂ i : K 3,N → K 4,N for i > 0, which can be described explicitly as follows:
In terms of the additional generators of P 3 and P 4 , the description of ∂ i : P 3 → P 4 (i > 0) is completed as follows:
∂ 2 (x 12 ) = x 12 x 13 , ∂ 2 (x 13 ) = x 14 , ∂ 3 (x 12 ) = x 12 , ∂ 3 (x 13 ) = x 13 x 14 . Define P 0 n as the kernel of the morphism P n → Z, given by the winding number of strand n around strand 1. P 0 n is presented by x ij , (i, j) = (1, n) and the Artin relations (except those involving x 1n ), and P n is the direct product of
has the same generators and relations as K n,N (except X 1n and relations involving it). The morphisms ∂ i : P 3 → P 4 restrict to morphisms ∂ i : P 6.3. Completions of K n,N and P n . If G is a group, we denote by G (resp., G l ) its profinite (resp., pro-l) completion (if l is a prime number).
If n = 3, 4, the automorphisms θ 1i = Ad(x 1i ) of K n,N (i = 2, . . . , n) extend to automorphisms θ 1i of K n,N , such that θ N 1i = Ad(X 1i ) and ( θ 1i , θ ij ) = Ad(x ij (0)
−1 x ij (−1)). There is a unique group P n (N ), fitting in an exact sequence 1
that preimages x 1i of the basis vectors e i−1 ∈ (Z/N Z) n−1 satisfy Ad( In the same way, we define (K n,N ) l , P n (N ) l , (K 0 n,N ) l , P 0 n (N ) l and the pro-l completions of ∂ i . The natural morphisms K n,N → (K n,N ) l extend to morphisms P n (N ) → P n (N ) l ; in the same way,
If k is a field of characteristic 0, we define k n,N (k) as the topological k-Lie algebra with generators Ξ 1i , ξ ij (a) and relations obtained from the presentation of K n,N by formally setting Ξ 1i = log(X 1i ), ξ ij (a) = log x ij (a). In the same way, k (1)) ). There are unique groups P n (N, k) and
The morphisms ∂ i above induce profinite morphisms ∂ 0 : (N, k) . The latter morphisms are induced by Lie algebra morphisms ∂ 0 :
is the Lie algebra of P 3 (generated by ξ ij and relation obtained from Artin's presentation of P 3 by the relations ξ ij = log(x ij )), and
Here * is the CBH product, defined by x * y = log(e x e y ). The profinite, pro-l and field variants of the ∂ i restrict to variants, where K n,N , P n are replaced by K 0 n,N , P 0 n . If F n is the free group with generators a 1 , . . . , a n , and f n (k) is the topologically free k-Lie algebra with generators α 1 , . . . , α n , we set for any field k of characteristic 0,
Remark 6.9. k n,N has a decreasing filtration, defined by the lower central series
We have a morphism of graded Lie algebras ι : t n,N → gr(k n,N ), taking t 1i 0 to σ(Ξ 1i ) and t(a) ij to σ(ξ ij (a)) (σ denotes the symbol). It is obviously surjective. We will construct later an isomorphism of filtered Lie algebras k n,N (C) → t n,N (C) (the graded completion of t n,N (C)) with associated graded inverse to ι ⊗ C id. This will imply that ι is an isomorphism of graded Lie algebras, and also that k n,N (C) is isomorphic to gr(k n,N (C)).
6.4. The rings R(N ). Let R be a ring. We attach to it a ring R(N ), equipped with a surjective ring morphism R(N ) ։ Z/N Z and two exact sequences:
The ring R(N ) is defined as follows:
Example 6.10. Z(N ) → Z is an isomorphism.
6.5. Definition of GTM(N ) and its variants. Let us first rewrite the definition of GTM using the presentation of P 0 n (n = 3, 4) following from Proposition 6.5. Recall that K where X = x N , and y(a) = x a yx −a . The pentagon relation (48) is equivalent to a = 0 (looking at powers of x 12 ), together with
(equality in K 0 4,N ; the ∂ i (g) can be expressed explicitly using formulas (51) and following ones, e.g. ∂ 3 (g) = g(X 12 |x 23 (0)x 24 (0), . . . , x 23 (N − 1)x 24 (N − 1))). Now the octogon relation (47) is written g X|y(1), . . . , y(N ) −1 y(1)
Here α ∈ [0, N − 1] and k ∈ Z are determined by 2m ′ + 1 = α + N k; λ = 2m + 1; y(a), a ∈ Z is defined by the identity y(a + N ) = Xy(a)X −1 . (Here and in what follows, Ad means the adjoint action of K 0 3,N on itself or on its Lie algebra.) The semigroup law on GTM is given by g 1 * g 2 (X|y(0), . . . , y(N − 1)) = g 2 (X|y(0), . . . , y(N − 1)) · (54)
We define GTM(N ) as the set of pairs ((λ, f ), (α, k, g)), where
(where x 1 x 2 x 3 = 1) and (46), and g satisfies (52) and (53). This set is a semigroup, equipped with the law
where
(α, k) = (α 1 , k 1 )(α 2 , k 2 ) (product in Z(N )), and g is given by (54). Of course, the semigroup GTM(N ) is identical to GTM. We consider the following topological variants of GTM(N ): (profinite version) ′ GTM(N ) is the set of pairs ((λ, f ), (α, k, g)), where λ ∈ 1 + 2 Z, f ∈ F 2 (x, y), (α, k) ∈ Z(N ), g ∈ F N +1 (X, y(0), . . . , y(N − 1)), satisfying the analogues of relations (55), (46), (52) and (53), is a semigroup when equipped with the product described above. The map
is a morphism of semigroups (the target is a product of multiplicative semigroups). (pro-l version)
′ GTM(N ) l is the set of pairs as above, where (X, y(0) , . . . , y(N − 1)) l satisfy the analogues of the same relations. It is a semigroup when equipped with the analogue of the above product. We have a semigroup morphism
is the set of pairs as above, where λ ∈ k, (α, k) ∈ k(N ), f ∈ F 2 (k), g ∈ F N +1 (k) satisfy the analogues of the same relations. This is again a semigroup, and we have a semigroup morphism
Lemma 6.11. Let (X, R) be any of the pairs
Proof. Take the image of (53) in the abelianization of K 0 3,N and take the sum of the coefficients of y (0), . . . , y(N − 1).
We then set GTM(N ) := {((α, k), f, g)|((α + N k, f ), (α, k, g)) ∈ GTM(N )} and we define similarly GTM(N ) l and GTM(N, k).
We have natural semigroup morphisms GTM(N ) → GTM(N ) l ֒→ GTM(N, Q l ), compatible with the morphisms GT → GT l → GT(Q l ). We recall for completeness that GT(k) is the semigroup of pairs (λ, f ) ∈ k × F 2 (k) satisfying (55), (46), with product given by (56) and
one checks that this is the group of invertible elements of GTM(N, k).
7. Torsor structure of Pseudo(N, k) and the group GRTM(N, k) 7.1. Action of GTM(N, k) on Pseudo(N, k). The semigroup GTM(N, k) acts on Pseudo(N, k) as follows:
This action is compatible with the action of GT(k) on Assoc(k) and the natural morphisms
This action restricts to an action of GTM(N, k) on Pseudo(N, k), compatible with the action of GT(k) on Assoc(k). Proof. The proof is parallel to [Dr2] , Proposition 5.1. Let (α
0 ) (computed using the formulas of (57)) coincides with (α
, where σ i,i+1 is the transposition (i, i + 1). It induces a group morphism P n → exp( t n,N ) ⋊ (Z/N Z) n−1 , such that the natural map P n → (Z/N Z)
n−1 coincides with P n → exp( t n,N )⋊(Z/N Z) n−1 → (Z/N Z) n−1 , and therefore a morphism K n,N → exp( t n,N ), hence also a morphism k n,N → t n,N . This morphism is filtered and its associated graded gr(k n,N ) → t n,N is such that t n,N ι → gr(k n,N ) → t n,N is the identity, hence ι defined in Remark 6.9 is injective, hence bijective; this proves the final statement of this remark. (46), (55) are consequences of [Dr2] , Proposition 5.1. As in loc. cit., the image of (52) is satisfied in exp( t 4,N ), which proves this identity. (53) is proved as in loc. cit., comparing identities (43) for Ψ 0 and Ψ 1 and taking the image of the resulting identity in K 3,N (k).
7.2. The Lie algebras gtm 1 (N, k) and gtm(N, k). The connected components of GTM(N, k) are the GTM α (N, k), α ∈ (Z/N Z) × , which are the fibers of the map GTM(N,
We then have an exact sequence of connected groups
The corresponding exact sequence of Lie algebras is
where gtm(N, k) is the Lie algebra of GTM 1 (N, k). It consists of the triples (s, ϕ, ψ), 
where e ξ e η e ζ = 1, 2) ), etc., and in general η ′ (a − N ) = Ad(e Θ )(η ′ (a)), and
whereξ(a) 34 = logx 34 (a) (equality in k 
where D, D ϕ are the derivations 2 of f 2 (ξ, η) defined by D(ξ) = ξ, D(η) = η and D ϕ (ξ) = [ϕ, ξ], D ϕ (η) = 0, and
here D, D ψ are the derivations of f N +1 (Ξ, η(0), . . . , η(N − 1)) defined by
(one checks that these formulas hold for any a ∈ Z). All these formulas are derived from the definition of GTM 1 (N, k) by setting (recall that α = 1) λ = 1 + N k = 1 + εs, f (x 12 , x 23 ) = e εϕ(ξ,η) and g(X 12 , x 23 (0), . . . , x 23 (N − 1)) = e εψ(Ξ,η (0),... ,η(N −1)) (recall that ξ = log x 12 , η = log x 23 , Ξ = log X 12 , ξ(a) ij = log x ij (a)) and by linearizing in ε.
The morphism gtm(N, k) → k takes (s, ϕ, ψ) to s and gtm 1 (N, k) is the kernel of this morphism.
Pseudotwists and splittings of exact sequences. The group (Z/N Z)
× × k × acts by automorphisms of t n,N as follows: (γ, c) · t 1i 0 = ct 1i 0 , (γ, c) · t(a) ij = ct(γa) ij , and it acts by automorphisms of t n by (γ, c) · t ij = ct ij . This induces an action of (Z/N Z) λk) ). In particular, we get isomorphisms Pseudo
It follows that if Pseudo
The actions of (Z/N Z) × × k × and GTM(N, k) on Pseudo(N, k) commute with each other. We have therefore an action of GTM(N, k) on Pseudo (N, k) , we associate the Lie algebra of the stabilizer of Ψ. This defines a section of the exact sequence (59)} is a bijection.
Proof. GTM 1 1 (N, k) acts on the target of this map by conjugation, and the map is then equivariant. So it suffices to show that Spl(k) := {splittings of (59)} is a torsor under GTM 1 1 (N, k). Spl(k) identifies with {elements of gtm(N, k) of the form (1, ϕ, ψ)}. If we fix an origin (1, ϕ 0 , ψ 0 ), then Spl(k) identifies with gtm 1 (N, k) , and the vector field at (0, ϕ (N, k) . Now gtm 1 (N, k) has a decreasing filtration g ≥k = {(0, ϕ, ψ) ∈ gtm 1 (N, k)|ψ has degree ≥ k} (this condition implies that ϕ has also degree ≥ k), θ (0,ϕ ′ ,ψ ′ ) is compatible with this filtration and the associated graded map is multiplication by k in degree k, so that θ (0,ϕ ′ ,ψ ′ ) is bijective. This suffices to show that the action of GTM 1 1 (N, k) is free, and using successive approximations, one can also show that it is transitive.
The proof follows [Dr2] , Proposition 5.2. Proof. Let us assume that this map is surjective, i.e., there exists an element (1, ϕ, ψ) in gtm(N, k). There exists a unique pair (Φ, Ψ), where Φ ∈ F 2 (k) and Ψ ∈ F N +1 (k), such that
Proposition 5.2 in [Dr2] implies that Φ ∈ Assoc N (k). Repeating the final argument of loc. cit., we find that (Φ, Ψ) satisfies the mixed pentagon relation (44). Let us now show that Ψ satisfies the octogon relation (43), where (α, k) = (1, 1) and λ = N . Let us set
We have Ψ(A|b(0), . . . , b(N − 1)) = 1 + ψ(A|b(0), . . . , b(N − 1)) modulo degree ≥ 2. Since ψ satisfies (58), we get Q = 1 modulo degree ≥ 2. Assume that we have proved that Q = 1 modulo degree ≥ n, where n ≥ 2. We have
where + degree ≥ n + 1.
So the r.h.s. of (60) is equal to
Therefore (60) (equality in exp( t 0 4 )), and
(equality in exp( t 
The action of (Z/N Z) × × k × by automorphisms of t and ψ ∈ t 0 3,N , such that: 
The Lie bracket is given by
Here D ϕ , D ψ are defined by
and
The direct sum of its homogeneous components is a graded Lie subalgebra of grtm 1 (N, k), and grtm 1 (N, k) is then the corresponding graded completion.
The Lie algebra grtm(N, k) is the semidirect sum of grtm 1 (N, k) with k, 1 ∈ k acting by the continuous derivation taking an element (ϕ, ψ) of degree n to −n(ϕ, ψ). Then grtm(N, k) is equipped with an action of (Z/N Z) × .
Remark 7.6. The octogon condition (68) means that
is independent of a. In the same way, the octogon condition (63) means that k(A|b(a), . . . , b(a+ N − 1)) −1 k(C|b(a), b(a − 1), . . . , b(a + 1 − N )) is independent of a. These facts are used when proving that GRTM 1 1 (N, k) is a group. Remark 7.7. In [Dr2] , Drinfeld showed that conditions (66) and (62) can be removed from the definition of GRT 1 (k) and grt 1 (k), so GRT 1 (k) = GT 0 (k). On the other hand, we can only prove GRTM
As we noticed, gtm 1 (N, k) is filtered by g ≥n = {(ϕ, ψ)|ψ has degree ≥ n}.
Proof. Let Ξ, Θ, η(1), . . . , η(N ) be such that e Θ e η(1) · · · e η(N ) e Ξ = 1. Let ψ ∈ gtm 1 (N, k) be of degree ≥ k, and let ψ be its degree k component. Then for any a ∈ Z, we have
(we use the conventions of Section 7.2). Summing up these equalities for a = 0, . . . , N − 1, we get
which implies that ψ satisfies (69). The other conditions satisfied by ψ imply that ψ ∈ grtm 1 (N, k) .
This action preserves each Pseudo α k (N, k), and it extends to an action of GRTM(N, k) on Pseudo(N, k), which commutes with the left action of GTM(N, k).
Theorem 7.9. Pseudo(N, k) (resp., (N, k) ). Proof. It suffices to prove that last statement. Let (Φ 1 , Ψ 1 ) and (Φ 2 , Ψ 2 ) be elements of Pseudo
2 ) (where the action is computed according to formulas (76), (77). We have to show that (h, k) ∈ GRTM 1 1 (N, k). Assume that (Φ 1 , Ψ 1 ) and (Φ 2 , Ψ 2 ) coincide up to order n − 1, i.e., their difference belongs to U (t 0 3 ) ≥n ⊕ U (t 0 3,N ) ≥n (the index means the grading where each generator has degree 1).
Since the Φ i , Ψ i are group-like and coincide up to order n − 1, we have ϕ ∈ (t 0 3 ) n and ψ ∈ (t 0 3,N ) n . Let us show that (ϕ, ψ) ∈ grtm 1 (N, k) .
We first show that ϕ ∈ grt 1 (k). Comparing identities (40) and (41) satisfied by Φ 1 and Φ 2 , we find that ϕ satisfies (65), (67). According to [Dr2] , Proposition 5.7, this implies that ϕ also satifies (66) and therefore belongs to grt 1 (k).
Comparing now identities (43) and (44) satisfied by (Φ 1 , Ψ 1 ) and (Φ 2 , Ψ 2 ), we find that ψ satisfies (68) and (ϕ, ψ) satisfies (70). Let us show that ψ also satisfies (69). If Ψ(A|b(0), . . . , b(N − 1)) satisfies (43), we have
Let X i (a) be the r.h.s. of (79) for Ψ = Ψ i (i = 1, 2). Then
and X i (a) = 1+ terms of degree > 0. Therefore (l. h. s. of (78) for Ψ 2 ) − (l. h. s. of (78) for Ψ 1 )
Since Ψ 1 and Ψ 2 satisfy (78), we get
Since ψ satisfies (68), this identity is equivalent to
which is equivalent to (69), after the change of variables
As in [Dr2] , we get: (N, k) is filtered, and the inverse of the associated graded isomorphism coincides with the map defined in Lemma 7.8. The splitting of the exact sequence (59) corresponding to Lemma 7.12. There exists a unique isomorphism grtm 1 (1, k) ≃ grt 1 (k) ⊕ k(0, t 23 ), where (0, t 23 ) is central and has degree 1.
Proof. Similarly to the previous lemma, one proves that (ϕ, ψ) ∈ grtm 1 (1, k) iff ϕ ∈ grt 1 (k) and there exists γ ∈ k such that ψ = ϕ + γt 23 . One then checks that (0, t 23 ) is central.
Remark 7.13. grtm 1 (N, k) in degree 1. One checks that the degree 1 part of grtm 1 (N, k) is spanned by the (0, b(a) + b(−a)), where a ∈ (Z/N Z)/{±1}. Moreover, (0, b (0)) is central in grtm 1 (N, k).
Distribution relations and the torsor Psdist(N, k)
Let us assume that N ′ |N , and write N = dN ′ .
The morphisms
8.1.1. We have a commutative diagram
ij (a) the generators of K n,N ′ , then the inclusion is given explicitly by
n,N ′ , and induces (non-injective) morphisms between the profinite, pro-l and field completions of these groups, as well as between the corresponding Lie algebras. Explicitly, the morphism
have the same image. This morphism is filtered, and the associated graded morphism π N N ′ : t n,N → t n,N ′ is given by
here t ′1i 0 , t ′ij (a) are the generators of t n,N ′ . We have commutative diagrams
The analogous diagrams commute in the profinite, pro-l, field and Lie algebra versions, as well as in the graded Lie algebra versions.
commutes; here the vertical morphisms are (a, r) → (a, a + N r) and (a ′ , r
In the same way, we have pro-l, group and field versions of this semigroup morphism, which restrict to group morphisms and induce Lie algebra morphisms gtm(N, k) → gtm(N ′ , k).
commute.
Recall that the morphisms π N N ′ : t n,N → t n,N ′ are compatible with the insertion-coproduct maps. Recall that π N N ′ : t
commutes. This morphism is graded and compatible with the actions of (Z/N Z)
This morphism is compatible with the actions
, and it restricts to a morphism of torsors Pseudo(N, k) → Pseudo(N ′ , k).
The morphisms δ
. If a ∈ Z/N Z, we write d|a iff a ∈ dZ/N Z. We then denote by a/d the unique element a ′ ∈ Z/N ′ Z such that da ′ = a.
There is a unique group morphism
This morphism restrict to a morphism K 0 n,N → K 0 n,N ′ , its induces morphisms between the profinite, pro-l and field completions of these groups, as well as between the corresponding Lie algebras; explicitly,
This morphism is filtered, its associated graded morphism δ N N ′ : t n,N → t n,N ′ is given by
The diagram (80) also commutes with π N N ′ replaced by δ N N ′ . The analogous diagrams also commute in the profinite, pro-l, field, Lie algebra and graded Lie algebra versions.
The morphisms
One checks that there is a unique
We also have pro-l, group, field and Lie algebra versions of this morphism, and the diagrams (81) commute with π N N ′ replaced by δ N N ′ .
Recall that δ N N ′ : t n,N → t n,N ′ is compatible with the insertion-coproduct morphisms, and that δ N N ′ : t
One checks that there is a unique group morphism δ N N ′ : GRTM N N ′ (k) ). In the same way as above, its extends to a group morphism
The Lie algebra versions of these morphisms are δ N N ′ :
with the same properties as above.
, and it shares the properties of π N N ′ : Pseudo(N, k) → Pseudo(N, k) stated above.
8.3. The case N ′ = 1.
Lemma 8.1. The compositions of grtm 1 (N, k)
with projection on the first component both coincide with the canonical morphism grtm 1 (N, k) → grt 1 (k).
Proof. Denote by ψ → ψ the morphism π N 1 : t Then ε (1) (ψ) is proportional to t 12 , so it is zero if ψ has degree > 1. On the other hand, (70) implies that ϕ 2,3,4 + ψ 1,23,4 + ψ 1,2,3 = ψ 12,3,4 + ψ 1,2,34 . Applying ε (1) to this identity, we get ψ = ϕ. The case of δ N 1 is similar. 
Remark 8.2. The apparently more general condition: for any d ∈ Div(N ), there exists
We will define Psdist(N, k) ⊂ Psdist(N, k) as the subscheme defined by (α,
The associated group GTMD(N ) is the preimage of Z × ⋊ Hom(Div(N ), Z). One can define similarly pro-l and field analogues of these semigroup and group, as well as the Lie algebra of the latter. The field version is denoted GTMD (N, k) ; its connected components are again indexed by (Z/N Z)
× . Its Lie algebra is denoted gtmd (N, k) ; we have a group morphism GTMD(N,
There is a unique group structure on GRTMD 1 1 (N, k), such that its inclusion in GRTM 1 1 (N, k)× Hom(Div(N ), k) (equipped with the product group structure) is a group morphism.
The group (Z/N Z)
by the product of its usual action on GRTM 1 1 (N, k) and of the multiplication action of k × on Hom(Div(N ), k), the action of (Z/N Z) × on Hom(Div(N ), k). This product action of (Z/N Z) × × k × restricts to an action on GRTMD 1 1 (N, k) by group automorphisms. We define GRTMD(N, k) as the corresponding semidirect product.
Denote by grtmd 1 (N, k) ⊂ grtmd(N, k) the Lie algebras of these groups. Let grtm(N,
and for n > 1,
The element 1 ∈ k is such that [1, ψ] = nψ for ψ of degree n, and grtmd 1 (N, k) is the sum of homogeneous components of grtm(N, k) of degree > 0. The Lie algebra grtm 1 (N, k) is equipped with an action of (Z/N Z) × , which preserves the degree; it is the restriction of its action on grtm 1 (N, k) n if n > 1 and we have α · (x, ρ) = (α · x, ρ) for (x, ρ) ∈ grtmd 1 (N, k) 1 . 8.4.4. Torsor structure of Psdist(N, k). There are unique actions of GTMD(N, k) and GRTMD(N, k) on Psdist(N, k), such that (a) the diagrams taking these actions to the left and right actions of GTM(N, k) and GRTM(N, k) on Pseudo(N, k) commute, and (b) the diagrams taking these actions to the left and right action of k × ⋊ k ν on itself commute. These actions commute with each other, and the facts that for Ψ ∈ Pseudo 
is the restriction of log.
where ζ N is a primitive N th root of 1. Let H(z) be the image of H(z) by π N N ′ . Then it follows from the identity 
In particular, there is a unique element (g KZ , h KZ ) ∈ GRTMD
Let log : GRT 1 (C) → grt 1 (C) be the logarithmic map. Set ϕ := log(g KZ ). According to [Dr2] , for n odd ≥ 3, the degree n component ϕ n of ϕ is a generator of grt 1 (C) (i.e., its class in
Set (ϕ, ψ) := log(g KZ , h KZ ), so (ϕ, ψ) ∈ grtmd 1 (N, C). When n is odd ≥ 3, the degree n component (ϕ n , ψ n ) of (ϕ, ψ) is a generator of grtmd 1 (N, C), and is a preimage of ϕ n . So the image of grtmd 1 (N, C) → grt 1 (C) contains the subalgebra generated by the ϕ n . 9.2. To obtain more information of (ϕ n , ψ n ) ∈ grtmd 1 (N, C), we study the expansion of log(Ψ KZ ). When A and the b[ζ], ζ ∈ µ N (C) commute, the renormalized holonomy of (37) is equal to exp(
Set f N +1 be the topologically free Lie algebra generated by A, b[ζ], ζ ∈ µ N (C). Then log(Ψ KZ ) ∈ f N +1 , and its image in
N +1 , where the latter space is the topological sum of all finely homogeneous components of f N +1 , except CA and Cb[1] (we define a fine degree in N µ N by deg(
By Lazard elimination (see [Re] ), q := f
N +1 is freely generated by the U k,l (k, l ≥ 1) and the V k,l,ζ (k, l ≥ 0, ζ ∈ µ N (C), ζ = 1), where 
. Proof. Let us denote by q l>0 the part of q of positive relative degree w.r.t. b(0). Then [q, q] + q l>0 is an ideal of q (for the bracket [−, −] ). We will show that
We will use the formula
If ψ ∈ q has degree ≥ 2 and
Let again ψ ∈ q be of degree ≥ 2 and a ∈ Z/N Z − {0}.
Finally, if a, a ′ = 0 and a+a
. This proves (83) and therefore the lemma. 9.5. Generators of grtmd 1 (N, C) + . We will set
and denote by grtmd 1 (N, k) +,ab n the degree n part of this space. We have a linear map grtmd 1 (N, k) +,ab → p ab ⊕ q ab l=0 . The degree n part of p ab ⊕ q ab l=0 is spanned by the (A kl , 0), where k, l ≥ 1, k + l = n, and the (0, V n−1,0,ζ ), ζ ∈ µ N (C), ζ = 1. The image of (ϕ n , ψ n ) in p ab ⊕ q ab l=0 is equal to 0,
if n = 1, and to
where Z(n, ζ) = k≥1 ζ k /k n (so Z(n, ζ) = Li n (ζ)) for n ≥ 2. The images of (ϕ n , ψ n ) in q ab l=0
can be written uniformly in n since Z(1, z) = − log(1 − z).
Recall that (Z/N Z) × acts on grtmd 1 (N, C). If k ∈ (Z/N Z) × , then the vectors obtained from (84), (85) by replacing ζ by ζ k in log |1 − ζ| and Z(n, ζ ±1 ), also belong to the image of grtmd 1 (N, C) +,ab → p ab ⊕ q ab l=0 . Let Cµ N (C) be the complex vector space with basis [ζ] , where ζ ∈ µ N (C). Set for n ≥ 2
Then for any n ≥ 1, ch grtm 1 (N, C) +,ab n ≥ ch(V n ), where ch means the character as (Z/N Z) × -module.
Computing ch(V n ) means decomposing this space in isotypic components under the action of (Z/N Z) × . We first decompose Cµ N (C). × . It follows that
and each summand is 1-dimensional, spanned by
Since V n is (Z/N Z) × -invariant, it is graded w.r.t. the decomposition (86). Let us compute its graded components.
The isotypic component corresponding to the character χ is spanned by
here we adopt the convention that Z(1, ζ) = − log(1 − ζ) if ζ = 1 and Z(1, 1) = 0. A character is called even (resp., odd) if χ(−1) = 1 (resp., −1), so odd (resp., even) characters do not contribute if n is odd (resp., even).
Proposition 9.4. If n and χ have opposite parity, then v χ = 0.
Lemma 9.5.
Proof of Lemma. We have
so the l.h.s. is zero if N ∤ f χ a, and is equal to (N/f χ ) l∈[0,fχ−1],(l,fχ)=1 χ(l)ζ la N otherwise. Let us place ourselves in the last situation, and let a = (N/f χ )a ′ . We must compute 
Since the restriction of χ to the kernel of (Z/f χ Z)
The Euler expansion of L(s, χ) implies that when n > 1, L(n, χ) = 0 for any χ. According to [W] , Lemma 4.8, the Gauss sum τ (χ) is also nonzero. It follows that v χ = 0.
Let us assume now that n = 1 and χ is even. The coefficient of [ζ] in v χ is equal to
where φ is the Euler function. According to [W] , Theorem 4.9, this is equal to 2
(which can be rewritten 2 [W] , Lemma 4.8), and according to [W] , Corollary 4.4, L(1, χ −1 ) = 0 if χ = 1, hence v χ is nonzero. Assume now that n = 1 and χ = 1. Let p be a prime divisor of N . The coefficient of [ • If n ≥ 3 is odd, then grtm 1 (N, C) +,ab n ≥ χ even character of (Z/N Z) × [χ] as (Z/N Z) × -modules.
• if n ≥ 2 is even, then grtm 1 (N, C) identifies with the space of (x(a)) a∈Z/N Z satisfying a), b), c). According to [W] , Theorem 12.18, we get dim Q grtmd(N, Q)
The multiplicity of an odd χ in grtmd(N, C)
+,ab 1 is 0, and the multiplicity of an even χ = 1 is ≥ 1.
Let us compute the multiplicity of the trivial character χ = 1, i.e., dim Q (grtmd(N, C)
We have a morphism (grtmd(N, Q) Let k be an arbitrary field with char(k) = 0. We have a Lie algebra morphism gtmd(N, k) → k ⋊ k ν , defined by ((ϕ, ψ, s), ρ) → (s, ρ). According to Section 8, this morphism is surjective when k = C, since in that case we have an isomorphism grtmd(N, C) ≃ gtmd(N, C) (using Ψ N KZ ), such that the diagram grtmd(N, C) ≃ gtmd(N, C) ց ↓ C × ⋊ C ν commutes. It follows that gtmd(N, k) → k ⋊ k ν is surjective for any k, so for any ρ ∈ k ν , one can find ((ϕ, ψ, 1), ρ) ∈ gtmd(N, k). Applying the construction of Proposition 7.4 to (ϕ, ψ, 1), we obtain Ψ ∈ Pseudo 11. grtm 1 (N, k), grtmd 1 (N, k) and special derivations
In this section, we relate grtm 1 (N, k) and grtmd 1 (N, k) with analogues of Ihara's algebra and Drinfeld's Hamiltonian interpretation (see [Dr2] , Section 6).
Let f N +1 be the free Lie algebra with generators A, b(a), a ∈ Z/N Z. We define C by A + C + a∈Z/N Z b(a) = 0.
The dihedral group D N := (Z/N Z) ⋊ (Z/2Z) acts on f N +1 as follows:
• the element α ∈ Z/N Z acts by the automorphism θ α : A → A, b(a) → b(a + α);
• the element 1 ∈ Z/2Z acts by the involutive automorphism θ : A → C, b(a) → b(−a). As in [Ih1, Dr2] , let us say that derivation ∂ of f N +1 is special iff there exist R A , R C , R a ∈ f N +1 , such that ∂ ( (70)). This is a Lie algebra when equipped with the bracket (73), (75). Proof. SDer(f N +1 )/ Inn(f N +1 ) identifies with the set of special derivations ∂ such that R C = 0. If ∂ is such a derivation, then it is (Z/N Z)-invariant iff R A is (Z/N Z)-invariant and if R a ≡ θ(a)(R 0 ) modulo kb(a). We may assume that R A (resp., R A ) has no component in A (resp., b(a)), hence R a = θ(a)(R 0 ). So R 0 , R A are such that . Both derivations are equal, hence R A + θ(R A ) ≡ 0 modulo kA, hence = 0; and R A = θ(−a)(R 0 ) − θθ(a)(R 0 ) = θ(−a)(id −θ)(R 0 ) for any a. Hence R A = (id −θ)(R 0 ), so the derivation representing ∂ has the form ∂ R0 ; and R A is (Z/N Z)-invariant, which means that R 0 satisfies (68); finally, (89) implies that R 0 satisfies (69). Hence we have an isomorphism of graded vector spaces. The proof that it is a Lie morphism is as in [Dr2] .
The Hamiltonian interpretation of Ih(k) from [Dr2] can be generalized as follows. We first recall some notation. Let F (f N +1 ) be the quotient of f ⊗2 N +1 by the subspace generated by the elements x ⊗ y − y ⊗ x, [x, y] ⊗ z − x ⊗ [y, z], x, y, z ∈ f N +1 . As in [Dr2] , any f ∈ F(f N +1 ) yields a universal function f g : (g * ) N +1 → k, where g is a finite dimensional Lie algebra with nondegenerate invariant scalar product. Using the Kostant-Kirillov Poisson bracket on (g * ) n , this interpretation allows to define a Lie bracket on F (f N +1 ). Proof. Similar to [Dr2] ; the map ψ → f is given by the formulas Proof. Straightforward.
12. Relation with Gal(Q/Q) 12.1. Let X be the curve P 1 − {0, ∞} ∪ µ N . It is equipped with the multiplicative action of µ N . We denote by B the collection of tangential base points (in X(C)) ζ0 + , ζ1 − , ζ ∈ µ N (C), where ζ0
+ is near 0 in the direction of ζ, and ζ1 − is near ζ in the direction of 0.
12.2. Let Γ := π 1 (X(C), B); Γ may be presented as the free groupoid generated by x i,i+1 (i ∈ Z/N Z), p ζ , ℓ ζ (ζ ∈ µ N (C)) and their inverses; the source and target maps (s, t) : Γ → B then Γ 0 + is the group with generators X, y(k), k ∈ Z, and relations y(k + N ) = Xy(k)X −1 ; this is the free group with generators X, y(k), k ∈ [0, N − 1].
12.4. As in [De, Gr] , we can define a group morphism
where Γ is the profinite completion of Γ and Aut( Γ) µN (C) is the group of automorphisms of Γ commuting with the action of µ N (C), i.e. continuous bijections θ : Γ → Γ, such that s • θ = s, t • θ = t, θ(γ ′ • γ) = θ(γ ′ ) • θ(γ) if t(γ) = s(γ ′ ), θ • α = α • θ for any α ∈ µ N (C).
12.5. Let χ : Gal(Q/Q) → Z × be the cyclotomic character. Then χ restricts to , p 1 → p 1 • f σ .
